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Quantum friction: environment engineering perspectives
Dmitry V. Zhdanov,1, ∗ Denys I. Bondar,2 and Tamar Seideman1, †
1Department of Chemistry, Northwestern University,
2145 Sheridan Road, Evanston, Illinois 60208-33113 USA
2Princeton University, Princeton, NJ 08544, USA
We prove a generalization of the Lindblad’s fundamental no-go result: A quantum system cannot
be completely frozen and, in some cases, even thermalized via translationally invariant dissipation
– the quantum friction. Nevertheless, a practical methodology is proposed for engineering nearly
perfect quantum analogs of classical friction within the Doppler cooling framework. These findings
pave the way for hallmark dissipative engineering (e.g. nonreciprocal couplings) with atoms and
molecules.
I. INTRODUCTION
Heat dissipation in a broad variety of phenomena,
ranging from spontaneous emission to chemical dynam-
ics in solvents, is attributed to friction forces that can
be velocity-dependent but are coordinate-invariant. De-
scription of such dynamics has meet serious challenges
since the dawn of quantum theory of open systems [1].
As early as in 1976, around the time of publishing the
equation now bearing his name [2], Goran Lindblad also
came up with a counterintuitive no-go result when at-
tempting to quantize a classical damped harmonic oscil-
lator [3]. He showed that the quantum analog of the clas-
sical velocity-dependent friction (i.e., translationally in-
variant quantumMarkovian dissipative process) is unable
to equilibrate an oscillator to any temperature θ=kBT ,
including θ=0 1.
Lindblad’s reasoning is applicable to multidimensional
harmonic oscillators [4] and specific dissipators2 only.
Nevertheless, his no-go finding has long been believed to
hold universally and has been accepted without a proof
[5]. Here we present such a proof for an arbitrary quan-
tum system in the case θ=0 and also for a harmonic os-
cillator without any restriction on θ. This result calls for
revisiting the applicability and consistency of quantum
friction models. In this Letter, we focus on implications
for quantum reservoir engineering (QRE), an emerging
method for controlling dynamical processes by dissipa-
tive environmental interactions. Both experiments [6]
and theory [7–16] provide evidence that QRE offers a
viable alternative to the traditional methods of coherent
control (e.g., it provides a self-sufficing framework for
quantum information processing [17, 18]). QRE also fea-
tures unique capabilities on rendering the quantum inter-
actions directional [19] and cancelling the noise by “no-
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1 It turned out that the stochastic fluctuations accompany quan-
tum friction in all cases complying with the detailed balance
condition with no extra assumptions (thermalized reservoir, lin-
ear response etc.) needed for standard fluctuation-dissipation
theorems.
2 Specifically, when all Ak in Eqs. (1), (5) are linear in xˆ and pˆ.
knowledge” measurements [20]. Recent studies of QRE
for an ensembles of cold Rydberg atoms revealed plethora
of novel dissipation-assisted phenomena including bond
formation [21], quantum phase transitions [22], exciton
transport [23, 24], and energy redistribution [25, 26].
Promising results were also obtained for other systems
including optomechanical arrays [27, 28] and transmons
[29–31]. The mentioned works mostly use optical or
microwave cavities as reservoirs offering highly tunable
relaxation by adjusting nonlinear couplings and photon
loses. However, this type of reservoirs requires bulky,
intricate, and costly equipment preventing a broad vari-
ety of applications in physics and chemistry from taking
advantage of QRE.
In this Letter, we argue that quantum friction is a
promising and powerful resource for pushing the bound-
aries of QRE. First, it is demonstrated that the fun-
damental decoherence limits imposed by the no-go con-
straints do not preclude the effective quantum state en-
gineering including nearly perfect cooling. Second, we
show how the established quantum-optics and cavity-
electrodynamics technologies can be readily utilized to
prototype customizable quantum friction forces in the
laboratory. Third, the utility of these forces for design-
ing QRE-based gadgets is illustrated by proposing a me-
chanical analog of a nonreciprocal photonic device [19].
The Letter is set up as follows. We begin with formaliz-
ing the notion of quantum friction following Refs. [3, 32]
and then present rigorous but yet physical formulations
of our key no-go theorems deferring details to the supple-
mental material. The physical meaning of these theorems
is further clarified by addressing the above listed three ar-
guments for advocating the quantum friction candidacy
for QRE.
II. THE FORMAL DEFINITIONS OF
QUANTUM FRICTION AND NO-GO
THEOREMS
The starting point for our analysis is the von-Neumann
equation for density matrix ρˆ of a Markovian open quan-
2tum system with N degrees of freedom
∂
∂t
ρˆ=L[ρˆ]=− i
~
[Hˆ, ρˆ]+Lrel[ρˆ], (1a)
Hˆ=H(pˆ, xˆ)=
N∑
n=1
pˆ2n
2mn
+U(xˆ). (1b)
Here xˆ={xˆ1, ..., xˆN} and pˆ={pˆ1, ..., pˆN} are vectors of
the canonical operators of positions and momenta, re-
spectively, Hˆ is the system Hamiltonian, and Lrel is
the dissipative superoperator accounting for system-
environment interactions.
Lindblad [2] have shown that Eq. (1a) retains the phys-
ical meaning for all feasible states ρˆ only if Lrel has the
structure Lrel[ρˆ]=
∑
kL
lbd
Lˆk
[ρˆ], where
∀Lˆ : Llbd
Lˆ
def
= Lˆ⊙Lˆ†−1
2
(Lˆ†Lˆ⊙+⊙L†Lˆ). (2)
Throughout the Letter, we will focus on the case where
the Ehrenfest relations for average positions and mo-
menta resemble the Newtonian motion in a potential
U(x) damped by friction forces F fr
d
dt
〈pˆn〉=−〈 ∂∂xˆn U(xˆ)〉+ 〈Fˆ
fr
n 〉, (3a)
d
dt
〈xˆn〉= 1m 〈pˆn〉 . (3b)
The classical friction forces are normally treated as
position-independent functions of velocities: F fr=F fr(p).
In order to preserve this property in the quantum case,
we must require Lrel to be translationally invariant, i.e.,
∀ρˆ : [pˆ,Lrel[ρˆ]]=Lrel[[pˆ, ρˆ]]. (4)
The following lemma (originally formulated by B. Vac-
chini [33–35] based on theorems by A. Holevo [36, 37])
provides the generic form of operators Lˆ in Eq. (2) con-
sistent with the criterion (4).
Lemma 1 (The proof is in Appendix A). Any transla-
tionally invariant superoperator Lrel of the Lindblad form
(see Eq. (2)) can be represented as3
Lrel=
∑
k
L
lbd
Aˆk
with Aˆk
def
=e−iκkxˆf˜k(pˆ), (5)
where κk are N -dimensional real vectors, and f˜k are
complex-valued functions. The converse holds as well.
In the case of an isotropic environment, the terms
in Eq. (5) additionally must appear in pairs, so that
Lrel=
∑
k Bκk,f˜ isok
, where
B
κk,f˜
iso
k
def
=Llbd
Aˆ+k
+Llbd
Aˆ−k
with Aˆ±k =e
∓iκkxˆf˜ isok (±pˆ). (6)
3 The Gaussian dissipators Llbd
µkxˆ+f˜
G
k (pˆ)
(µk∈R
N ) hereafter are
treated as limiting case of Eq. (5) with κk→0 (see Appendix A).
Substitution of (5) into Eq. (1) allows to explicitly find
the classical analog of quantum friction force in Eq. (3a)
F fr(p)=−
∑
k
~κk|f˜k(p)|2=−
∑
k
∑
α=±1
α~κk|f˜ isok (αp)|2.
(7)
With this, quantum and classical frictions are fundamen-
tally different beasts. In the classical case the energy dis-
sipation cools the system to complete rest in accordance
with the second law of thermodynamics. However, this
is never the case for quantum friction:
No-go theorem 1 (The proof is in Appendix B). No
translationally invariant Markovian process of form (1)
and (5) with non-(quasi)periodic potential U(x) can steer
the system to any eigenstate of Hˆ, including the ground
state.
The above result can be strengthened for a special class
of quantum systems. Let B(p,λ) denote the Blokhint-
sev function, which is related to Wigner quasiprobability
distribution W (p,x) as
B(p,λ)=
∫ ∞
−∞
. . .
∫ ∞
−∞
eiλxW (p,x) d
N
x. (8)
No-go theorem 2 (The proof is in Appendix C). Sup-
pose that the Blokhintsev function Bθ(p,λ) of the ther-
mal state ρˆthθ ∝e−
Hˆ
θ characterized by temperature kBT=θ
is such that
∀p,λ : Bθ(p,λ)>0, Bθ(p,−λ)=Bθ(p,λ), (9a)
∀p 6=0,λ 6=0 : Bθ(p,λ)<Bθ(0,0). (9b)
Then, no translationally invariant Markovian process of
form (1) and (5) can asymptotically steer the system to
ρˆthθ .
Using Eq. (8) and the familiar formula for the thermal
state Wigner function [38], it is easy to check that the cri-
teria (9) are satisfied for any θ in the case of a quadratic
potential U .
Corollary 2.1. No translationally invariant Markovian
process of form (1) and (5) can steer the quantum har-
monic oscillator into a thermal state of form ρˆthθ ∝e−
Hˆ
θ .
III. PHYSICAL MEANING OF THE NO-GO
THEOREMS
The genesis of the no-go results can be traced on
the example of isotropic friction (6) in the limit when
∀k : (~κk)2≪〈pˆ2〉. In the free-particle case U(x)=0,
the expectation value of any observable of the form h(pˆ)
evolves as
d
dt
〈h(pˆ)〉 ≃
N∑
n=1
〈F frn (pˆ) ∂h(pˆ)∂pˆn +
N∑
l=1
Dl,n(pˆ)
∂2h(pˆ)
∂pˆl∂pˆn
〉,
3where Dl,n(pˆ)=
~
2
2
∑
k
∑
α=±1 f˜
iso
k (αpˆ)
2κl,kκn,k. This
implies that the momentum probability distribution
̟(p)=Tr[δ(p−pˆ)ρˆ] satisfies the Fokker-Planck equation
d̟(p)
dt
=
∑
n
(
− ∂F
fr
n (p)̟(p)
∂pn
+
∑
l
∂2Dn,l(p)̟(p)
∂pn∂pl
)
.
(10)
The diffusion terms in Eq. (10) manifest the inherent
presence of stochastic quantum fluctuations accompany-
ing the energy dissipation even at T=0. Hence, the no-go
theorems 1 and 2 can be viewed as generalized quantum
fluctuation-dissipation theorems.
The origin of quantum fluctuations can be rational-
ized as follows. In classical mechanics a friction terms as
in Eq. (3a) only decelerate the particles leaving their in-
stant spatial distribution, and hence the potential energy
〈U〉, intact. This is not the case in quantum mechanics
where the operators pˆn and xˆn are coupled through the
canonical commutation relation, as can be seen from the
friction-induced changes in the second-order moments:
〈L⊺rel[pˆ2n]〉=−~
∑
k
2κk,nfk(pˆ)
2(pˆn−~κk,n2 ), (11a)
〈L⊺rel[xˆ2n]〉=−~
∑
k
〈
{
xˆk, fk(pˆ)
2 ∂ϕk(pˆ)
∂pˆn
}
+
〉+
~
2
∑
k
〈
(
∂fk(pˆ)
∂pˆn
)2
+
(
∂ϕk(pˆ)
∂pˆn
)2
fk(pˆ)
2〉, (11b)
where fk(p)=|f˜k(p)|, ϕk(p)= arg(f˜k(p)), and the symbol
⊺ denotes the superoperator transpose. The first summa-
tion in Eq. (11b) cancels out for any thermal state ρˆthθ ,
so that ∀θ, f˜k : 〈L⊺rel[xˆ2n]〉>0. In particular, the quantum
friction always increases the potential energy in the har-
monic oscillator case U(x)=
∑N
n=1
mω2n
2 x
2
n. This provides
the physical rationale behind corollary 2.1.
It is instructive to consider the case of a one-
dimensional quantum harmonic oscillator in detail and
to explore the extent at which one can beat the no-go re-
sults by intelligent reservoir engineering. From this point,
we will omit everywhere the dimension subscript n. Our
goal is to minimize the Bures distance DB( ρˆ|t→∞, ρˆthθ0)
between the equilibrium state ρˆ|t→∞ and the thermal
state ρˆthθ0 for a given temperature θ0. A reasonable strat-
egy is to search for a quantum friction term whose action
does not change the energy distribution of the thermal
state ρˆthθ , i.e.,
∀α : Tr[ρˆthθ0L⊺rel[e−αHˆ ]]=0. (12)
In the case θ0=0 the objective (12) can be reformulated
as the variational problem for the parameters of Eq. (5):
{κoptk , f˜optk }=argmin
{κk,f˜k}
Tr[ρˆth0 L
⊺
rel[Hˆ ]]. (13)
The solution of the problems (12) and (13) is
f˜±k (p)=cke
pβ~λ±k , λ±k =
κk
r(θ0)
(
1±
√
1−r2(θ0)
)
, (14)
where ck and κk are arbitrary real con-
stants, r(θ)= tanh(~ω2θ )=~ω/(2Tr[Hˆρˆ
th
θ ]), and
β=(m~ω)−1. Both the ± branches are ex-
pected to have stable stationary points near ρˆthθ0
since sign(Tr[HˆLlbd
Aˆk
[ρˆthθ ]])= sign(θ0−θ). Indeed,
Tr[HˆLlbd
Aˆk
[ρˆthθ ]]=
c2k
ω
γenk (θ)(r(θ)−r(θ0))Tr[Hˆρˆthθ ], where
γenk (θ)=2ωβ~
2κkλke
β~2λ2k
r(θ) >0. (15)
A characteristic feature of the optimal functions f˜±k (p)
is extended exponential tails in the region κkp<0. These
tails are counterintuitive because they increase the ki-
netic energy of the oscillator (see Eqs. (7) and (11a)).
However, according to Eq. (11b) the energy change of
the quantum oscillator additionally depends on the slopes
of f˜±k (p). Because of this quantum mechanism, clipping
the “endothermic” tails in the region κkp<0 increases the
net heating. This effect is illustrated in Fig. 1 depicting
the results of numerical analysis of solutions (14). Fig-
ure 1 shows that a high-quality thermalization is readily
achieved via tuning the free parameters ck and κk. Ad-
ditionally, the quality weakly depends on the profile of
f˜k(p) outside the region |p|<β− 12 . This offers freedom to
replace the exact exponentially diverging solutions (14)
with physically feasible approximations (an example is
shown by dashed lines).
Figure 1. The Bures measure of the quality of thermal-
ization of a harmonic oscillator to the ground state by an
isotropic quantum friction process Lrel=Bκ,f˜ iso with f˜
iso(p)
defined by Eq. (14) and c=
√
Γω/
√
γen(0) as a function of
κ and Γ (solid lines). The dotted lines represent the per-
formance of the clipped versions of f˜ iso(p). Also shown
is the case when the function f˜ iso(p) is approximated as
g(p)=c˜1
(p−c˜3)
c˜22+(p−c3)
2 of form (16) with real parameters c˜i chosen
such that ∂
l
∂pl
(f˜(p)−g(p))
∣∣∣
p=0
=0 for l=0, 1, 2 (dashed lines).
IV. QUANTUM FRICTION IN THE
LABORATORY
As a heuristic argument, note that Eq. (10) is similar
to the Fokker-Planck equation describing the dynamics
of atoms in laser fields undergoing Doppler cooling (see,
e.g., Ref. [39]). The interpretation of Doppler cooling
4(a) (b)
Figure 2. (a) The Doppler cooling model. (b) “Sympathetic”
nonreciprocal coupling scheme.
as a quantum friction phenomenon is justified in Ap-
pendix D(see also Ref. [40]). Here we provide a brief
summary of the argument.
Consider the scheme shown in Fig. 2a, where an atom
is subject to two orthogonally polarized counterpropa-
gating beams of the same field amplitude E and carrier
frequency ω. We assume that ω is close to the fre-
quency ωa of the transition g↔e between the ground
g and degenerate excited e electron states of s- and p-
symmetries, respectively. Let d be the absolute value
of the transition dipole moment and γ be the excited
state spontaneous decay rate. For simplicity, we consider
only the case when the non-radiative decay mechanism is
dominant and ξ= 12Ed≪∆=ωa−ω (the weak field limit).
Then, the translational motion of atom can be fully char-
acterized using Eq. (1) with the isotropic friction term
Lrel=Bκ,f˜ iso . The specific form of f˜
iso depends on the
radiation coherence time tcoh. In the case of a coherent
CW laser with tcoh≫∆−1, γ−1 one has
f˜ iso(p)= |ξ|
~
√
γ∆1(p)
(
(γ2 )
2+∆1(p)
2
)−1
, (16)
where ∆1(p)=∆−κ(p+
~κ
2 )
m
and m is the atomic mass.
In the opposite limit of incoherent illumination with
γ−1≫tcoh≫∆−11 (p), the shape of f˜(p) is defined by the
radiation spectral density I(ω) of the beams:
f˜ iso(p)=πd~−1
√
I(ω+∆1(−p))/(2c). (17)
This physical interpretation of quantum friction clari-
fies the deterioration of quality of cooling with increas-
ing |κ| observed in Fig. 1. The analysis presented in
Appendix Dshows that |~κ| is the characteristic change
of atomic momentum after a random photon absorption,
whereas |f˜ iso(p)2| defines the absorption rate. In the case
of small |κ| and large |f˜ iso(p)2| the effect of an individual
photon absorption on the translational motion is negligi-
ble, and the optical impact can be described in terms of
the net radiational pressure whose fluctuations are negli-
gible due to averaging over a large number of events. The
opposite case of large |κ| and small |f˜ iso(p)2| corresponds
to the strong shot noise limit when the stochastic charac-
ter of the absorption is no longer moderated by massive
averaging. Note that a similar interpretation applies to
quantum statistical forces in Ref. [41].
V. NONRECIPROCAL COUPLINGS
Let us finally demonstrate that the quantum friction
can be used for non-trivial quantum engineering. Nonre-
ciprocal optical and optomechanical devices have gained
attention since they enable novel signal processing and
quantum control applications. One says that two quan-
tum systems (“controller” and “target”) are coupled non-
reciprocally if the target’s dynamics depends on the con-
troller’s state, whereas the reverse quantum feedback is
absent. Such a one-way coupling is solely an open system
phenomenon and not possible if the controller and target
form together a closed system. It was recently shown that
the nonreciprocity can be implemented in coupled dissi-
pative optical cavities [19]. However, this proposal is not
extendible to mechanical systems because the required
interactions cannot be engineered. For instance, certain
parameters in Eqs. (6) and (11) of Ref. [19] cannot be
made complex valued. Here we overcome this obstacle
by means of quantum friction.
Consider two coupled oscillators with the Hamiltonian
Hˆ=
2∑
n=1
Hˆn+HˆI, Hˆn=
pˆ2n
2mn
+Un(xˆn), HˆI=xˆ1χ(xˆ2),
where the function χ(x) specifies the coupling of the
first oscillator (“controller”) with the second one (“tar-
get”). Let us introduce a dissipative process of the form
Lrel=
∑
k L
lbd
Bˆk
where Bˆk
def
=e−iκkxˆ1 g˜k(xˆ2) and g˜k(x2) are
real-valued functions. On the one hand, this process does
not affect the evolution of the first moments of the target:
d
dt
〈xˆ2〉= 〈pˆ2〉
m2
; d
dt
〈pˆ2〉=−〈∂U2(xˆ2)∂xˆ2 〉− 〈xˆ1
∂χ(xˆ2)
∂xˆ2
〉 . (18)
On the other hand, Lrel exerts a translationally invariant
statistical force on the controller. Indeed, the average
value of any controller operator hˆ=h(pˆ1, xˆ1) in the case
κk≪~−1
√
〈Hˆ1〉m1 evolves as
d
dt
〈hˆ〉 ≃ i
~
〈[Hˆ1, hˆ]〉+ 〈Fˆ nr ∂hˆ∂pˆ1 〉+ 〈Dˆ
nr ∂2hˆ
∂pˆ21
〉, (19)
where Fˆ nr=−χ(xˆ2)−~
∑
k κkg˜
2
k(xˆ2), and
Dˆnr=~
2
2
∑
k κ
2
kg˜
2
k(xˆ2). Note that Eq. (19) is exact
for hˆ=xˆ, pˆ. Consider the choice of parameters κk and
functions g˜k(x) such that Fˆ
nr=0 and Dˆnr=const [e.g.,
κ1=−κ2, gk(x)=
√
1
2~ (max(|κ−1k χ(x)|)−κ−1k χ(x)) ]. In
this case, Eq. (19) no longer depends on xˆ2, and hence
the controller acts nonreciprocally on the target, as
intended.
The simplified variant of the proposed scheme can be
implemented in the laboratory by merging the princi-
ples behind the sympathetic cooling and the plasmonic
field enhancement in the setup shown in Fig. 2b and fur-
ther specified in Appendix E. Following the same ideas,
5one can also nonreciprocally couple the electronic and
translational degrees of freedom (see Appendix F). The
detailed analysis will be presented in the forthcoming pa-
per.
VI. SUMMARY AND OUTLOOK
The history of quantum control [42] clearly illustrates
how synergy of new technology and state-of-art theory
gives birth to new rapidly growing research areas. Today
we still lack the theoretical and technological yeast to
raise the scope of quantum control applications in chem-
istry by replacing current laser technologies with quan-
tum reservoir engineering. At the same time, friction
forces abound in nature have never been systematically
considered for reservoir engineering. We have shown that
these forces are powerful quantum control instruments
despite the seemingly stringent no-go limitations. More-
over, the versatile experimental prototyping of the quan-
tum friction effects is already feasible within the stan-
dard methods of quantum optics. The example of nonre-
ciprocal couplings has illustrated that quantum friction
reservoir engineering can be advanced by borrowing ideas
from quantum optics technology. In turn, Doppler cool-
ing in quantum optics and cold atom physics can gain
from optimizing the spectral properties of laser fields ac-
cording to the presented quantum friction theory of op-
timal thermalization. We hope that this theory and the
no-go theorems, which have remained as mere conjec-
tures for over 40 years, may become a centerpiece of the
long-standing puzzle to consistently introduce dissipative
forces into quantum mechanics4.
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SUPPLEMENTAL MATERIAL
INTRODUCTION
This supplemental material is organized as follows. In
the Sections A, B and C we give the proofs of Lemma 1,
first, and second no-go theorems, respectively. The sup-
porting mathematical derivations for the Doppler cool-
ing model discussed in the main text are provided in
Section D. Finally, Sections E and F detail the scheme
of “sympathetic” nonreciprocal control over the transla-
tional motion of two atoms, and the method of nonre-
ciprocal coupling between electronic (or spin) and vibra-
tional degrees of freedom on the example of the two-level
system (TLS) coupled with the harmonic oscillator.
The Roman numbers in parentheses refer everywhere
to the equations in the main text of the letter.
Appendix A: The proof of lemma 1
First, note that the property (4) of the translational
invariance can be equivalently reformulated as
∀δx : RδxLrelR−δx=Lrel, (A1)
whereRδx=e
− i
~
δxpˆ⊙e i~δxpˆis the superoperator of trans-
lational shift: ∀g(xˆ) : R⊺δx[g(xˆ)]=g(xˆ+δx).
4 Current status and persistent issues with the quantization of fric-
tion are reviewed in Refs. [5, 32] (note errata [43]). Challenges
and controversies of the existing situation further highlighted in
the discussions [45, 47, 48] of original works [44, 46].
With the help of the canonical commutation relations,
any operator Lˆk=Lk(pˆ, xˆ) can expanded in the series
Lˆk=
∑
l,m ck,l,mBˆl,m, where Bˆl,m=e
−iκlxˆgm(pˆ) and the
functions gm(p) constitute a set of (not necessarily or-
thogonal) basis functions. Using this expansion, any su-
peroperator of form Lrel=
∑
kL
lbd
Lˆk
can be rewritten as
Lrel=
∑
k,l1,m1,l2,m2
ck,l1,m1c
∗
k,l2,m2
L˜
lbd
Bˆl1,m1 ,Bˆl2,m2
, (A2)
where
L˜
lbd
Aˆ1,Aˆ2
def
= Aˆ1 ⊙ Aˆ†2 −
1
2
(Aˆ1Aˆ
†
2 ⊙+⊙ Aˆ1Aˆ†2). (A3)
It follows from Eq. (A1) that if Lrel is translationally
invariant then it should satisfy the identity
Lrel=
1
(2L)N
∫ L
−L
...
∫ L
−L
RδxLrelR−δxdN dδx
∣∣∣∣∣
L→∞
=
∑
l
∑
m1,m2
c˜(l)m1,m2L˜
lbd
Bˆl,m1 ,Bˆl,m2
, (A4)
where the Hermitian matrices c˜(l) are defined as
c˜(l)m1,m2=
∑
k
ck,l,m1c
∗
k,l,m2
. (A5)
Let us substitute in Eq. (A4) the matrices c˜(l) with their
Jordan decomposition c˜(l)=u˜(l)γ˜(l)u˜(l)
†
, where u˜(l) is uni-
tary and γ˜(l) is diagonal. The result is
Lrel=
∑
l,m
L
lbd
Aˆl,m
, (A6)
6where Al,m=f˜l,m(pˆ)e
−iκlxˆ and f˜l,m(pˆ)=
√
γ˜
(l)
m,m ×∑
m′ u˜
(l)
m′,mgm′(pˆ). Finally, note that Eq. (A6) can be
cast into the form (5) by replacing the compound index
{l,m} with the single consecutive index k. The lemma is
proven.
Remark. In this work, the Gaussian (continuous) trans-
lationally invariant dissipators of form
L
G=
∑
k
L
lbd
AˆGk
, AˆGk =µkxˆ+f˜
G
k (pˆ) (µk∈RN ) (A7)
are treated as the limiting case of Eq. (5) with
κk=ǫµk→0. Specifically, one can verify by direct cal-
culation that
L
lbd
AˆGk
=Llbd
AˆGk,+
+Llbd
AˆGk,−
∣∣∣∣
ǫ→0
, AˆGk,±=
1√
2
(
i
ǫ
±f˜Gk (pˆ)
)
e∓iǫµkxˆ.
(A8)
Appendix B: The proof of no-go theorem 1 (by
contradiction)
Suppose that some eigenstate |Ψ0〉 of Hamiltonian
Hˆ simultaneously corresponds to the fixed point of
the quantum Liouvillian L defined by Eqs. (1) and
(5). Denote as |Ψδx〉 the translationally displaced copy
of |Ψ0〉: |Ψδx〉=e− i~δxpˆ |Ψ0〉. Using the definition of
the associated wavefunction Ψδx(p) in the momentum
space, one can write: |Ψδx〉=Ψ0(pˆ) |δx〉, where |δx〉 is
the eigenstate of position operator: xˆk |δx〉=δxk |δx〉,
〈δx|δx′〉=δ(δx−δx′).
The linearity of Lrel together with the property
(A1) of translational invariance imply that ∀g(x′) :
Lrel[
∫
g(x′) |Ψx′〉〈Ψx′ | dNx′]=0, which can be equiva-
lently restated as
∀g(x′) : Lrel[wˆg]=0, wˆg=Ψ0(pˆ)g(xˆ)Ψ0(pˆ)†. (B1)
Consider the case g(x)=gλ(x)=e
−iλx, where λ is some
real N -dimensional vector. Then, the condition (B1)
reads:
Lrel[wˆgλ ]=G(pˆ, pˆ+~λ)Ψ0(pˆ)Ψ0(pˆ+~λ)
†e−iλxˆ=0, (B2)
where
G(p,p′)=
∑
k
(
Fk(p)Fk(p
′)∗− |f˜k(p)|2+|f˜k(p′)|22
)
, (B3)
Fk(p)=f˜k(p+~κk)
Ψ0(p+~κk)
Ψ0(p)
. (B4)
Condition (B2) implies that ∀p,p′∈RN : G(p,p′)=05. In
5 Possibly, except a zero measure subset of points {p,p′} where
Ψ0(pˆ)Ψ0(pˆ′)†=0.
particular, this means that
∀n, ∀p,p′∈RN : ∂
2
∂pn∂p′n
G(p,p′)=
∑
k
∂F
(n)
k (p)
∂pn
(
∂F
(n)
k (p
′)
∂p′n
)∗
=0.
(B5)
Equality (B5) can be satisfied only if ∀k : Fk(p)∝const,
i.e., if f˜k(p)=ck
Ψ0(p−~κk)
Ψ0(p)
, where ck is some real con-
stant. Substitution of this expression and λ=0 into
Eq. (B2) gives the following necessary condition for the
asymptotic relaxation to the ground state:
∀p∈RN :
∑
k
c2k
(|Ψ0(p−~κk)|2−|Ψ0(p)|2) = 0. (B6)
Condition (B6) is equivalent to
∀χ∈RN : φ(χ)
∑
k
c2k
(
e−i~χκk−1)=0, (B7)
where φ(χ) denotes the Fourier transform of |Ψ0(p)|2.
Equality (B7) can be satisfied for all χ iif φ(χ) is nonzero
only at the points where ∀k : ~χκk mod 2π=0, i.e., only
when |Ψ0(p)|2, and hence U(x), are (quasi)periodic6.
This result completes the proof.
Appendix C: The proof of no-go theorem 2 (by
contradiction)
Denote as Ψk,δx(p) and Ek (k=0, ...,∞) the
momentum-space wavefunction and energy of the k-
th eigenstate |Ψk,δx〉 of the displaced Hamiltonian
H(pˆ, xˆ−δx). Then, |Ψk,δx〉=Ψk,0(pˆ) |δx〉, where |δx〉
is the eigenstate of position operators: xˆ |δx〉=δx |δx〉,
〈δx|δx′〉=∏Nn=1 δ(δxn−δx′n). The thermal state of the
displaced system can be written in these notations as
ρˆθ,δx = N˜
∑
k
e−
Ek
θ Ψk,0(pˆ) |δx〉〈δx|Ψk,0(pˆ)†, (C1)
where N˜=(
∑
k e
−Ek
θ )−1 is the normalization constant.
Suppose that there exists such relaxation superoperator
of form (5) that Lrel[ρˆθ,0]=0. Then, the translational
6 In the case of Gaussian dissipator (A7) if follows from (B5) that
f˜G(p)=− i~µ ∂
∂p
ln(Ψ0(p)), and the condition (B7) reduces to
∀χ∈RN : −φ(χ)
∑
k
(~χµk)
2=0. (B7*)
Similarly to (B7), the real part of the lhs of Eq. (B7*) is non-
positive, and the equality can be satisfied only if ∀k : µk=0,
i.e. only if ∀k : AGk =0. In other words, in the case of Gaussian
dissipators (A7) the statement of no-go theorem is valid for all
potentials U(x), including quasiperiodic ones.
7invariance of Lrel implies that ∀δx : Lrel[ρˆθ,δx]=0. The
later equality can be equivalently rewritten as
∀g(x) : Lrel[wˆθ,g]=0, (C2)
where
wˆθ,g=N˜
∑
k
e−
Ek
θ Ψk,0(pˆ)g(xˆ)Ψk,0(pˆ)
†. (C3)
Consider the case g(x)=gλ(x)=e
−iλx, where λ is some
real N -dimensional vector. The result of application of
Lrel to wˆθ,gλ can be represented after some algebra as
Lrel[wˆθ,gλ ]=G1
(
pˆ+~λ2 ,λ
)
e−iλxˆ, (C4)
where
G1(p,λ) =
∑
k
(
Qk,n(p+~κk,λ)− 1
2
Bθ(p,λ)×
(∣∣∣f˜k(p+~λ2 )∣∣∣2+∣∣∣f˜k(p−~λ2 )∣∣∣2
))
, (C5)
Qk(p,λ) = Bθ(p,λ)f˜k(p−~λ2 )f˜∗k (p+~λ2 ). (C6)
In derivation of (C5) the identity
B(p,λ)=N˜
∑
k
e−
Ek
θ Ψk,0(p−~λ2 )Ψ∗k,0(p+~λ2 ) (C7)
was used which follows directly from the definition (8) of
the Blokhintsev function.
Eqs. (C2) and (C4) require that
∀p,λ : G1(p,λ)=0, (C8)
and hence ∀λ : G¯2(λ)=
∫∞
−∞ . . .
∫∞
−∞ d
N
pG2(p,λ)=0,
where
G2(p,λ)=G1(p,λ)+G1(p,−λ)=∑
k
{ ∑
α,β=±1
βQk
(
p+β+12 ~κk, αλ
)
−
∣∣∣f˜k(p+~λ2 )−f˜k(p−~λ2 )∣∣∣2Bθ(p,λ)
}
.
(C9)
The last equality in (C9) is obtained assuming that
Bθ(p,−λ)=Bθ(p,λ) (see Eq. (9a)). It is easy to check
that the integration over the first term in curly brackets
in (C9) cancels out, so that
G¯2(λ)=−
∫ ∞
−∞
. . .
∫ ∞
−∞
dNp×
∑
k
∣∣∣f˜k(p+~λ2 )−f˜k(p−~λ2 )∣∣∣2B(p,λ). (C10)
According to the supposition (9a), the integrand in
(C10) is nonnegative. Moreover, G¯2(λ)=0 iif ∀k :
f˜k(p)=ck=const. Hence, the expression (C5) for
G1(p,λ) can be simplified as
G1(p,λ) =
∑
k
c2k(B(p+~κk,λ)−B(p,λ)). (C11)
Note that the termsLlbd
Aˆk
in Eq. (5) with f˜k(p)=const will
have non-trivial effect only if κk 6=07. However, it follows
from (9b) that in this case G1(0,0)<0 which contradicts
Eq. (C8). The theorem is proven.
Appendix D: Doppler cooling as an example of
quantum friction
In this section, we provide the detailed analysis of the
Doppler cooling example introduced in the main text of
the letter (see Fig. 1 in the main text) and prove that the
cooling mechanism is the quantum friction of form (6).
For the spatial arrangement depicted in Fig. 1 the
translation motion of the atom along x-axis is coupled to
the field-induced electron dynamics since each absorbed
or coherently emitted photon changes the x-component
of atomic momentum hereafter denoted as p. The master
equation which describes this coupled dynamics can be
written within the rotating wave approximation in the
form (1) with
Hˆ=
pˆ2
2m
−~ωa |g〉〈g|+
{
ξ1(t) |e1〉〈g| e−i(ωt−κxˆ)+
ξ2(t) |e2〉〈g| e−i(ωt+κxˆ)+h.c.
} (D1)
and
Lrel=γ
2∑
n=1
L
lbd
|g〉〈en|. (D2)
Here ξk(t)=− 12 ~dk~Ek(t), where ~d1 and ~d2 are the transi-
tion dipole moments associated with the s→pz and s→py
electronic transitions into degenerate electronically ex-
cited sublevels e1 and e2, respectively, and ~Ek(t) is the
slowly varying complex amplitude of the associated field
component. The remaining notations are defined in the
body of the letter.
The mean value of any observable of form Oˆ=f(pˆ, xˆ)
can be written in Heisenberg representation as:
〈Oˆ(t)〉=Tr[ρˆ0 ULt,t0
⊺
[Oˆ]], (D3)
7 In the case of Gaussian dissipator (A7) Eq. (C11) reduces to
G1(p,λ) =
1
2
~
2
∑
k,m,n
µk,nµk,m
∂2
∂pnpm
B(p,λ). (C11*)
By assumption (9b), the quadratic form ∂
2
∂pnpm
B(p,λ) in
(C11*) is negative-definite at {p,λ}={0,0}. Hence, G1(0,0)<0,
which contradicts Eq. (C8) and completes the proof for this case.
8where we define:
∀L(t) : ULt,t0
def
=
⇐
T e
∫
t
t=t0
Ldt
. (D4)
The symbol
⇐
T in (D4) denotes the chronological order-
ing superoperator which arranges operators in direct (in-
verse) time order for t>t0 (t<t0). Let us also define
the following notations for the interaction representation
generated by arbitrary splitting L(t)=L0 +L1(t):
(ULt,0)
⊺= U
(L⊺0 )
t,0 U
(L⊺I )
t,0 , (D5)
where the interaction Liouvillian reads
L
⊺
I (τ)=U
(L⊺0 )
−τ,0L
⊺
1 (t−τ)U(L
⊺
0 )
τ,0 . (D6)
In the case L′0=
−i
~
[ pˆ
2
2m−~ωa |g〉〈g|,⊙] the associated in-
teraction liouvillian (D6) in the rotating wave approxi-
mation takes the form:
L
′
I≃
−i
~
[Hˆ ′,⊙]+
2∑
n=1
L
lbd
|g〉〈en|, (D7)
where
Hˆ ′(τ)=
2∑
n=1
χˆn(τ) |g〉〈en|+h.c.; (D8)
χˆ1(τ)=ξ
∗
1(t−τ)ei(ωt−κxˆ−(∆−
κpˆ
m
)τ); (D9)
χˆ2(τ)=ξ
∗
2 (t−τ)ei(ωt+κxˆ−(∆+
κpˆ
m
)τ), (D10)
and ∆=ω−ωa is detuning of carrier frequency of radia-
tion from atomic resonance in the case of system at rest.
Repeated application of the transformation (D5) to (D7)
with L′′0=Lrel=
∑2
n=1 L
lbd
|g〉〈en| leads to expression:
(ULt,0)
⊺= U
L
′
0
⊺+L⊺
rel
t,0 U
(L′′I
⊺)
t,0 , (D11)
so that
〈Oˆ(t)〉=Tr[(UL
′
0+Lrel
t,0 [ρˆ0]) U
(L′′I
⊺)
t,0 [Oˆ]]
t≫γ−1
= (D12)
Tr[Pˆg(U
L
′
0+Lrel
t,0 [ρˆ0])Pˆg(U
(L′′I
⊺)
t,0 [Oˆ])Pˆg], (D13)
where Pˆg= |g〉〈g| and the last equality is due to the ex-
ponential damping of excited states populations induced
by relaxation superoperator (D2). Let us consider the
evolution Oˆ(t) generated by the superoperator U
L
′′
I
⊺
t+δt,t:
Oˆ(t+δt)=
(
1+
∫ t+δt
t
L
′′
I
⊺
(τ) dτ+
∫ t+δt
t
dτ2
∫ τ2
t
dτ1L
′′
I
⊺
(τ2)L
′′
I
⊺
(τ1)
)
Oˆ(t).
(D14)
Integrands in Eq. (D14) include the terms oscillating at
frequencies |∆±k 〈pˆ〉
m
|. In sequel we will consider the so-
called weak-field limit when these oscillations are rapid
relative to the characteristic timescales of the relevant
processes, so that the contributions of the associated
terms asymptotically vanish. In this limit, the second
term in rhs of Eq. (D14) disappears. The remaining
terms constitute two decoupled evolution equations for
the reduced density matrices fx(pˆ, xˆ, t+δt)=〈x|Oˆ(t) |x〉
(x=g, e):
fg(pˆ,xˆ, t+δt)=
(
⊙+ 1
~2
∫ t+δt
t
dτ2
∫ τ2
t
dτ1e
1
2 γ(τ1−τ2)×
2∑
n=1
{
χˆn(τ2)⊙χˆ†n(τ1)+χˆn(τ1)⊙χˆ†n(τ2)−
⊙χˆn(τ1)χˆ†n(τ2)−χˆn(τ2)χˆ†n(τ1)⊙
})
[fg(pˆ, xˆ, t)];
(D15)
fe(pˆ, xˆ, t+δt)=G[fe(pˆ, xˆ, t)] (D16)
The explicit form of G is irrelevant for the sequel in view
of Eq. (D13). The first two terms in the curly brackets
in Eq. (D15) can be transformed as
χˆ1(τ2)fg(pˆ, xˆ, t)χˆ
†
1(τ1)=
ξ∗1(t−τ2)ξ1(t−τ1)fg(pˆ+~κ, xˆ+~κm τ2, t)ei∆1(pˆ)(τ1−τ2)=
ξ∗1(t−τ2)ξ1(t−τ1)ei∆ˆ1(pˆ)(τ1−τ2)fg(pˆ+~κ, xˆ+~κm τ1, t),
(D17a)
χˆ1(τ1)fg(pˆ, xˆ, t)χˆ
†
1(τ2)=
ξ1(t−τ2)ξ∗1 (t−τ1)fg(pˆ+~κ, xˆ+~κm τ1, t)e−i∆1(pˆ)(τ1−τ2)=
ξ1(t−τ2)ξ∗1 (t−τ1)e−i∆ˆ1(pˆ)(τ1−τ2)fg(pˆ+~κ, xˆ+~κm τ2, t),
(D17b)
where ∆1(p)=∆−κ(p+
~κ
2 )
m
. The extra displacements ~κ
m
τn
in the x-dependencies of fg in Eqs. (D17) account for
the change of the velocity of atom after the photon ab-
sorption. These displacements are typically very small
compared to the characteristic scales of spatial change of
the function fg and can be neglected. With this approx-
imation, the exponentials and functions fg in Eqs. (D17)
commute, which allows to write:
1
~2
∫ t+δt
t
dτ2
∫ τ2
t
dτ1e
1
2γ(τ1−τ2)×(
χˆ1(τ2)⊙χˆ†1(τ1)+χˆ1(τ1)⊙χˆ†1(τ2)
)
[fg(pˆ, xˆ, t)]≃
2C+(pˆ, t)fg(pˆ+~κ, xˆ, t)C+(pˆ, t)δt,
(D18a)
1
~2
∫ t+δt
t
dτ2
∫ τ2
t
dτ1e
1
2γ(τ1−τ2)×(
χˆ2(τ2)⊙χˆ†2(τ1)+χˆ2(τ1)⊙χˆ†2(τ2)
)
[fg(pˆ, xˆ, t)]≃
2C−(pˆ, t)fg(pˆ−~κ, xˆ, t)C−(pˆ, t)δt,
(D18b)
where
9C+(p, t)=
√
s+(p)+s∗+(p), s+(p)=
1
2~2δt
∫ t+δt
t
dτ2
∫ τ2
t
dτ1ξ
∗
1(t−τ2)ξ1(t−τ1)e(i∆1(p)+
γ
2 )(τ1−τ2), (D19a)
C−(p, t)=
√
s−(p)+s∗−(p), s−(p)=
1
2~2δt
∫ t+δt
t
dτ2
∫ τ2
t
dτ1ξ
∗
2(t−τ2)ξ2(t−τ1)e(i∆1(−p)+
γ
2 )(τ1−τ2). (D19b)
Substitution of approximations (D18) into (D15) gives:
fg(pˆ, xˆ, t+δt)= U
L
⊺
eff
t+δt,t[fg(pˆ, xˆ, t)], (D20)
where
Leff(t)=− i
~
[Hˆeff,⊙]+Leffrel, (D21)
L
eff
rel=L
lbd
C+(pˆ,t)eiκxˆ
+LlbdC−(pˆ,t)e−iκxˆ , (D22)
Hˆeff=i~
∑
m=±
(sm(pˆ)− s∗m(pˆ)). (D23)
Eq. (D20) allows to calculate the averaging in (D13)
within the reduced Hilbert space which involves only the
translational degree of freedom:
〈Oˆ(t)〉 t≫γ
−1
= Tr[ρˆred0 U
i
~
[ pˆ
2
2m ,⊙]
t,0 U
L
⊺
eff
t,0 [Oˆ]]spatial. (D24)
Here ρˆred0 =Tr[ρˆ]el whereas Tr[⊙]el and Tr[⊙]spatial denote
the partial traces over the electronic and translational
subsystems.
The dissipator (D22) reduces to the isotropic friction
of form (6) provided that
∀p : C+(−p, t)=C−(p, t)=f˜ iso(p). (D25)
It is easy to verify that this condition is realized in two
important cases.
1. Coherent laser driving
In this regime, ξ1(t)=ξ2(t)=ξ=const, and there exists
such δt in (D18) that γ−1≫δt≫∆−11 (p). Thence, the
integrals in (D19) can be easily computed, which gives:
L
eff
rel=B
xˆ,pˆ
κ,f˜ iso
, f˜ iso(p)=|ξ|
√
γ
~
∆1(−p)
(γ2 )
2+∆21(−p)
, (D26)
Hˆeff=|ξ|2
∆1(p)
(
(γ2 )
2−∆21(p)
)
~
(
(γ2 )
2 +∆21(p)
)2 . (D27)
Note what the Hamiltonian Hˆeff describes the effect of
the optical quadratic Stark shift which also can induce
the effective potential forces on the system in the case of
spatially non-uniform fields ξ=ξ(x).
2. Incoherent driving
Suppose that the the atom is illuminated by the two
classical light sources with the equal spectral densities
I(ω) at the atomic site and having coherence times
in the range ∆−11 (p)≪tcoh≪γ−1. In this case, ξ1(t)
and ξ2(t) represent the uncorrelated stationary stochas-
tic processes. This allows one to choose such δt, that
γ−1≫δt≫tcoh, and calculate the integrals in Eqs. (D19)
neglecting the terms γ2 in the exponents, which gives
L
eff
rel=B
xˆ,pˆ
κ,f˜ iso
, f˜ iso(p)=
πd
~
√
1
2c
I(ω+∆1(−p)), (D28)
where I(ω) is the spectral density of each beam. Also,
here we assumed equal transition dipole momenta:
d=|~d1|=|~d2|.
Appendix E: “Sympathetic” nonreciprocal control
Here we discuss the possible laboratory implementa-
tion of the simplified version of the nonreciprocal cou-
pling scheme presented in the main text. In this scheme
both the target and controller atoms as well as the metal
nanoparticle are coaxially aligned along the x axis and
irradiated by the linearly polarized laser propagating an-
tiparallel to the same axis, as shown in Fig. 2b. We
assume the quadratic antibonding (repelling) atom-atom
interaction of form
HˆI=−χ(0)xˆ1xˆ2. (E1)
Let us choose the laser frequency ω to be off-resonant for
the target atom but nearly resonant (with detuning ∆)
with g↔e electron transition in the controller atom. The
field effect on the controller spatial motion can be calcu-
lated using the same procedure as in the case of Doppler
cooling, Sec. D which gives the following dissipative con-
tribution to the quantum Liouvillian (cf. (D26)):
L
eff
rel=L
lbd
g˜(xˆ1,xˆ2)e−iκxˆ1
, g˜(x1, x2)=|ξ|
√
γ
~
∆
(γ2 )
2+∆2
. (E2)
Here κ=ω/c, ξ=− 12E(x1)d, where d is the value of the
g↔e transition dipole moment, and γ is the decay rate
of the excited state e (as in Sec. D, for simplicity, we
assume the case of non-radiative e→g decay). For typi-
cal transitions the photon momentum ~κ is much smaller
than atomic one. Assuming additionally that the value
of γ−1 is small compared to characteristic time of atomic
10
motion, the effect of laser can be described in terms of
uniform radiational pressure when the contribution of the
last term 〈Dˆnr ∂2hˆ
∂pˆ21
〉 in (19) is small compared to the first
two terms, so one can set Dˆnr≃0. For nonreciprocal cou-
pling, such that Fˆ nr≃0, we additionally need g˜(x1, x2) to
be of special form
g˜(x1, x2)=f˜
(0) +
√
χ(0)
~κ
x2 + o(x1, x2). (E3)
In (E2) we can neglect the weak dependence of f˜ on
the atomic momentum p1 but should account for 1) level
shifts due to presence of the controller atom which re-
sult in position-dependent detuning ∆=∆(x2−x1), and
2) spatial dependence of laser field (and hence, the value
of ξ) due to plasmon effect of nanoparticle: ξ=ξ(x1).
Straightforward calculation shows that the relation (E3)
can be reduced to two conditions
∂ log ξ(x1)
∂x1
∣∣∣∣
x1=0
=
∆(0)
(
∆(0)2−34γ2
)
(γ2 )
4−∆(0)4
∂∆(r)
∂r
∣∣∣∣
r=0
,
(E4a)
ξ(0)=
√
χ(0)
~κ
~
(
(γ2 )
2 +∆(0)2
)2
√
γ
(
(γ2 )
2−∆(0)2) ∂∆(r)
∂r
∣∣∣
r=0
. (E4b)
The first condition can be achieved in two ways: via tun-
ing the lhs of Eq. (E4a) by changing the distance between
the nanoparticle and controller atom or by varying ∆(0)
in the rhs via adjusting the laser frequency ω. Finally, the
condition (E4b) returns the magnitude of the required
laser field.
Appendix F: Nonreciprocal vibronic coupling
In this section we will consider the quantum system
consisting of the coupled two-level system (TLS) and har-
monic oscillator. Our aim is to nonreciprocally decouple
the “controller” harmonic mode from the “target” TLS.
The specific experimental arrangement which we are
going to consider resembles the Doppler cooling experi-
ment considered in the main text of letter except for now
we will assume the constrained spatial motion in the po-
tential well U(x) and the case of z-polarized light prop-
agating along axis x, so that only one electronic sublevel
e1 can be excited. Our Hamiltonian of interest (in in-
teraction representation and after applying the rotating
wave approximation) has the following form:
Hˆ=Hˆel+Hˆvib+Hˆcpl, (F1)
where Hˆvib=
pˆ2
2m+U(xˆ) describes the vibrational dynam-
ics, Hˆel is bare Hamiltonian of TLS and
Hˆcpl=χσˆ3xˆ (F2)
Figure 3. (a) Physical implementation of the nonreciprocal
vibronic coupling with dissipative term of form (F3), (F4a).
(b)(c) Examples of control over magnitude of κ using nonlin-
ear interactions: κeff<κ0 (b) and κeff>κ0 (c).
is the vibronic coupling term. Here the operators σˆk
denote Pauli matrices in the basis {g, e1}⊺ of electronic
states (σˆ0 states for identity matrix), and the rest of no-
tations have the same meaning as in Section D). Without
loss of generality, we will further assume the case χ>0.
Consider the dissipation term of form
Lrel=
∑
α=±
ΓLlbd
Lˆα
, (F3)
where Lˆ± are defined by either of the following two for-
mulas:
Lˆ±=
1
2
(σ1∓iσ2)e±iκxˆ, (F4a)
Lˆ±=
1
2
(σ0∓σ3)σˆ±e±iκxˆ. (F4b)
Note that the dissipation of form (F4a) can be realized
in the Doppler cooling framework developed in Section D
with the following changes: a) only one broadband z-
polarized incoherent radiation source is present; b) non-
radiative decay can be neglected (γ=0). The correspond-
ing possible experimental setup is shown in Fig. 3a. The
Ehrenfest relations describing the dynamics of electronic
and vibrational subsystems read:
d
dt
〈fˆ(pˆ, xˆ)〉= i
~
[Hˆvib+(1−Γ~κχ )Hˆcpl, f(pˆ, xˆ)]+
Γ
∞∑
k=1
{
(~κ)2n
(2n)!
∂2nf(pˆ, xˆ)
∂pˆ2n
+σˆ3
(~κ)2n+1
(2n+1)!
∂2n+1f(pˆ, xˆ)
∂pˆ2n+1
}
,
(F5a)
d
dt
〈σˆk〉= i
~
〈[Hˆel+Hˆcpl, σˆk]〉−(1+αδk,3)Γ 〈σk〉, (F5b)
where α=+1 and −1 match the cases (F4a) and (F4b),
respectively. We can see that if one will set Γ= χ
~κ
and choose sufficiently small κ then the dependence of
Eq. (F5a) on Hˆcpl cancels out whereas the terms in curly
brackets asymptotically vanish in the limit κ→0 (note
also that these terms are absent in the case of the first
11
momenta f(pˆ, xˆ)=pˆ and f(pˆ, xˆ)=xˆ). Hence, such choice
corresponds to complete controller-target decoupling.
Note, however, that in the limit κ→0 the electron
dynamics is dominated by the last term in Eq. (F5b)
since Γ= χ
~κ
→∞. This implies the complete decoher-
ence (ρˆel→σˆ0) in the case (F4a) and quantum Zeno ef-
fect (with measured operator σˆ3) for the choice (F4a).
For this reason, the intermediate values of κ are prefer-
able which balance the effects of shot noise on both elec-
tronic and vibrational dynamics. However, the control
over κ is complicated by the fact that for the effective
interaction the carrier frequency of radiation should be
close to TLS transition frequency: ω≃|∆|, which implies
κ≃κ0=|∆|/c. This restriction on κ can be relaxed by em-
ploying the nonlinear interactions. For example, in order
to increase the effective value of κ one can use two in-
coherent photon sources aligned as shown in Fig. 3c and
having the carrier frequencies ωleft and ωright satisfying
the two-photon resonance condition ωa≃ωleft−ωright. In
this case, κeff≃ω
left+ωright
c
>κ0. In similar fashion, one
can use the two-photon transitions to achieve κeff<κ0, as
shown in Fig. 3b.
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